Abstract. We consider a selection mutation equation for the density of individuals with respect to a continuous phenotypic evolutionary trait in which the competition term for an individual of a given trait depends on the traits of all the other individuals giving then an infinite dimensional nonlinearity. Mutation is modelled by means of an integral operator. We prove existence of steady states and we show that their asymptotic profile, when the mutation rate goes to zero, is a Cauchy distribution.
1.
Introduction. In this paper we consider a selection mutation equation for the density of individuals of a biological population with respect to a continuous phenotypic evolutionary trait. Selection mutation equations in the continuous framework were introduced in [10] and [18] in order to explain the maintenance of variability in a continuum of alleles due to the balance effect of selection and mutation. A continuation of this work can be found in [3] and more extensively in [4] .
With an ecological point of view this type of equations has been used to model the evolution of phenotypical traits (see for instance [5, 6, 11] ). One of the main goals in this topic is the study of the existence and the properties of the stationary solutions of these equations. An important feature of these previous works is that the feedback variable (also called environment, see e.g [21] ) is finite-dimensional and therefore the equations reduce to linear when a finite number of quantities is considered fixed. This is what happens when individuals compete for a given number of different nutrients (see e.g. [11] , [5] ). More precisely, this means that these equations can be written in the form f t = A(E(f ))f where f denotes the density of individuals with respect to the evolutionary trait, f t is time derivative, E is a (usually linear) function from the state space to a finite dimensional space and A(E) is a linear operator on the state space. Then the problem of looking for steady states is equivalent to finding positive eigenfunctions corresponding to the zero eigenvalue of the linear operator plus solving a fixed point problem in a finite dimensional space (nonlinear due to the nonlinear dependence of the operator A(E) with respect to E, see [7, 8, 9] ).
However, in many applications, the environment is not finite dimensional (see [26, 27, 22] , for instance), we thus consider (like in [12] and [16] ) in the present paper the more general case where the competitive stress that an individual of a given trait feels (undergoes) turns out to be the sum of the individual competitions caused by all the other individuals, typically in such a way that they are stronger when individuals have closer traits.
In this article, we model mutations by means of an integral operator like in [27, 25, 11, 23, 2] . Notice that mutations have also been modelled using a diffusion operator in e.g. [22, 26, 6, 19] .
Typically, only a small proportion of offspring are affected by mutations having an influence on the considered phenotype. Notice that this assumption of rare mutations is at the basis of the so-called Adaptive Dynamics Theory (see [20, 14] ), where the ecological time scale (that is, the time scale of the selection phenomena) is considered as infinitely faster than the evolutionary time scale (that is the time scale of mutations). On the other hand pure selection models for continuous phenotypic traits are often used in theoretical works on biological evolution (see e.g. [15] ). For mathematical studies on pure selection models see for instance [1, 12, 24] .
We are thus interested in an asymptotic study of the steady states of the population when the proportion of mutants goes to zero. In [7, 8, 9] , it has been shown (in the case of a finite-dimensional environment) that the steady states tend to concentrate around a Dirac mass at an ESS value of the trait (that is, a value of the trait such that if there is no mutation and all individuals share this trait, they are uninvadable by small populations with a different trait value, see [20] ). In the case of a small mutation modelled by a diffusion, formal asymptotics (see [18, 17] ) suggest that the asymptotic profile of the population should be a Gaussian distribution. In this paper we show rigorously that in the case of mutation modelled by an integral operator, the asymptotic profile of a steady state is a Cauchy distribution (see (1) ).
In Section 2, we introduce the model and some notation that will be useful throughout the article.
In Section 3, using Schauder's fixed point theorem, we show (under reasonable technical assumptions on the coefficients) that the model admits a non-trivial steady-state if (and only if) the per capita growth rate is positive for some value of the trait when the population is small. Section 4 is devoted to an asymptotic analysis of the shape of steady populations, when the mutation rate tends to zero. As in [7, 8, 9] , we consider cases where the monomorphic population f = δ 0 would be globally stable in the corresponding pure selection model, and we study what happens when the mutation rate is small, but not zero. In order to do it, we perform a rescaling on both dependent and independent variables and we obtain that the steady states tend, when the mutation rate goes to zero, to a Cauchy distribution:
where ε is the mutation rate, and C 1 , C 2 are constants that can be computed explicitly.
2. The model. Let us consider the following selection mutation model
for the density of individuals f (t, x) with respect to an (abstract) evolutionary trait x ∈ X, a bounded interval of R such that 0 ∈ Int X. The parameter µ ∈ [0, 1] stands for the probability of mutation in every reproduction, b(x) is the trait specific birth rate and β(x, y) is the density of probability that the offspring of an individual with trait y has trait x.
gives then the density of newborns per unit of time due to faithful reproduction and µ X b(y)β(x, y)f (t, y)dy the density of newborns per unit of time due to mutant reproduction. The trait specific per capita death rate is given by the terms d 0 (x) and X d(x, y)f (t, y)dy. The last one is the only nonlinear term which models the interaction between individuals through competition for resources.
Typically we think of a function d(x, y) =d(|x − y|) such that the functiond is bounded below by a strictly positive constant (meaning that any individual competes with all individuals having any value of the trait) and having a maximum at zero (meaning that the maximum competition occurs between identical individuals). Obviously this means that the function d has critical points on the diagonal. However we will assume a weaker hypothesis on d (see Assumption 3 in section 4). To simplify notations in the proofs, we will denote from now on by µm(x, y) the rate of mutants of trait x produced by a parent of trait y:
and by a µ the intrinsic growth rate if we forget the mutant newborns:
We will also define the fitness of an individual of trait x as
3. Existence of steady-states. This section is devoted to prove existence of steady states of (2). We introduce the notation
and the same for the mutation kernel m. To avoid cases where the population concentrates on the boundary, we will make the following assumption:
This assumption seems difficult to check. However it is possible to give easier conditions on the parameters of the model that imply it and that we state in the following remark.
. Assumption 1 is then satisfied if one of the following two conditions is satisfied:
• There existsx ∈ Int X such that
and for any x ∈ ∂X,
Indeed, this implies that for
, and the maximum of s[f ](x) is necessarily reached in the interior of X.
, and the maximum of s[f ] is then reached in the interior of X.
In order to prove the theorem of existence of steady states we first prove the following technical lemma.
Proof.α satisfies (3) if and only if
which is satisfied (for instance) byα =
Under Assumption 1 there exists a non trivial (i.e. non 0 everywhere) steady statē
Proof. Let δ > 0. We define,
and (forᾱ > 0,Λ > 0, γ > 0 to be chosen later) the sets
We notice that G is a convex, bounded and closed set in (C(X), · ∞ ). Then, thanks to Ascoli Theorem, it is compact in (C(X), · ∞ ). We will show that it is not empty (see (11) below), and that, for δ small enough, one can findᾱ,Λ such that F (G) ⊂ G. We can then apply Schauder's fixed point theorem to the set G and obtain the existence off ∈ G such that
,
which proves the existence of a steady-statef ∈ W 1,∞ (X) of (2). Notice thatf is non trivial because 0
. Let us prove that, for δ small enough, F (G) ⊂ G. We will do it in four steps.
Step 1: We bound {α(F (f )); f ∈ F} from below.
) (x 0 ) = 0, and
which gives the following estimate on X dx
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We define a constantΛ that will be used in Step 2 by:
We also define the constant C α by
(the last term µ m ∞ |X| will be useful at the end of Step 3) andαΛ by:
From now on we assumeΛ ≥Λ andᾱ ≤αΛ.
That is, we have shown that for any f ∈ F,
Step 2:
Step 3: We show that if δ > 0 is small enough, there exist 0 <ᾱ,Λ < ∞ such that F (F) ⊂ F, and F = ∅. Thanks to steps 1 and 2, in order to show that F (F) ⊂ F, we need to show that for δ > 0 small enough,ᾱ > 0 andΛ < ∞ can be chosen such that:
In order to show that such a choice ofᾱ,Λ is posssible, we apply Lemma 3.1 and get that for δ > 0 small enough, there existsα > 0 satisfyinĝ
We define thenᾱ :=α, andΛ :=Λ(1 + δµ m ∞ |X| α ). The second equation of (9) is satisfied thanks to the definition ofΛ, and the first equation of (9) is satisfied thanks to (10) . Finally,ᾱ ≤αΛ andΛ ≥Λ thanks to (10) . It follows that F (F) ⊂ F.
Finally, in order to show that F is not empty, we consider the constant function g ∈ L 1 (X):
Then, g L 1 =Λ ≤Λ, and
thanks to the definitions of (4)- (6) . Then, α(g) ≥ᾱ, and g ∈ F which cannot be empty. Notice that g ∈ G.
Step 4: We conclude.
We choose δ,ᾱ,Λ > 0 such that F (F) ⊂ F, which is possible thanks to Step 3. We compute the first derivative of F (f ) as follows:
and then, if f ∈ F ∩ W 1,∞ (X),
where
. Then, F (G) ⊂ G thanks to Step 3 and (12) . Thus, we can apply Schauder's fixed point theorem, which proves the existence of a steady-statef ∈ W 1,∞ (X) of (2), and concludes the proof.
, the same argument can be used to build a set
It follows then that the steady-statef given by Theorem 3.2 satisfiesf ∈ W k,∞ (X).
4.
Asymptotics. In this section we perform an asymptotical analysis of the steady states for small mutation rate. Since the mutation rate is supposed to be very small, we denote it in this section by ε. The model (2) then reads (recall the notation at the end of Section 2)
Assumption 2: We assume that b (0) = d 0 (0) = 0. We also assume that d ∈ W 3,∞ (X × X), b, d 0 ∈ W 3,∞ (X), and for some 1 >ε > 0,
Remark 3. Notice that Assumption 2 implies that b−d 0 admits a unique maximum at x = 0 and that for any ε ∈ (0,ε), a ε = (1 − ε)b − d 0 has also a unique maximum at x = 0.
Assumption 3:
The following "symmetry" condition holds:
Assumption 4: The mutation kernel satisfies:
The next theorem gives the result on the asymptotics of the steady states.
Theorem 4.1. Assume Assumptions 2, 3 and 4. For ε ∈ (0,ε) (whereε is defined as in Remark 3), let f ε be a steady-state of (13). Then, there existsx
Remark 4. Note that this theorem shows that asymptotically, f ε is of the form of a Cauchy distribution centered in εx ε = O(ε 2 3 ). If mutations are modelled by a diffusion (instead of an integral operator as in this article), formal asymptotics (see [18, 17] ) suggest that the asymptotic profile of the population should be a Gaussian distribution.
Proof. We introduce the change of variable f ε (t, x) = 
Letx ε ∈ ε −1 X be such that
Remark 5. Notice that, since u ε (x) ≥ 0, the second term on the right hand side in (15) is strictly positive and therefore u ε (x) > 0 and s
Step 1: We show that
Since u ε satisfies (15),
we can thus bound u ε L 1 (ε −1 X) from above as follows
Moreover
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which proves Step 1.
Remark 6.
Step 1 proves that s ε [u ε ] is concave. Then,x ε is well defined (unique) by (17) .
Step 2: We show that |εx
We show that if εx
The case εx ε < 0 can be dealt with in the same way. Since εx ε > 0, [0, εx ε ) ⊂ X, and thanks to the definition (17) ofx
Then,
We perform a Taylor expansion to estimate the first term on the right hand side of the equality in (20) , using Assumption 3 and (18) |y−x ε |≤1/ √ ε
for some C 1 > 0. To estimate the second term of (20), we first estimate s ε [u ε ], thanks to a Taylor expansion: for εx ∈ X,
where we used (19) 
(y −x ε ) 2 dy, and then (thanks to Remark 5 and (18)),
for some C 2 > 0. Finally, thanks to estimates (21) and (22), (20) becomes
where C = C 1 + C 2 . We assumed that εx ε > 0. Then, thanks to Assumption 2, a ε (εx ε ) ≤ −εx ε δ, and thus,
Remark 7.
Step 2 implies in particular that for ε > 0 small enough, εx ε ∈ Int X, and then,
Thanks to this equality and a Taylor expansion, (16) becomes:
Step 3: We bound
) from above and from below.
Let us remind what we showed in Step 1, that is,
Then, thanks to (23), (Q ε > 0 thanks to Rem 5):
and then,
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On the other hand, since
(where we have used (18)) we can obtain, using (23) the following estimate:
Since X is an interval, ε −1 X −x ε contains the interval (
For ε > 0 small enough, we thus get a (uniform in ε) lower bound on Q ε :
Step 4: We estimate ε −1 X u ε , and Q ε .
We first estimate ε −1 X u ε . Thanks to Step 3, Q ε = O(1). Then, From (28) and (29) we obtain
Next, using (23) and (27), we estimate Q ε as follows, ) u ε (y) dy
We estimate, using (26) and (27), Then, (31) becomes:
To estimate Q ε further, we estimate − 
